The effect of a thermal reservoir is investigated on a bipartite Gaussian state. We derive a preLindblad master equation in the non-rotating wave approximation for the system. We then solve the master equation for a bipartite harmonic oscillator Hamiltonian with entangled initial state. We show that for strong damping the loss of entanglement is the same as for freely evolving particles. However, if the damping is small, the entanglement is shown to oscillate and eventually tend to a constant nonzero value.
In [14] , Ficek and Tanás study a system of two qubits coupled to a radiation field where they allow spontaneous decay of the atoms. They show that the entanglement vanishes but then is revived twice. In [15] , the authors study the emergence of entanglement between two initially non-entangled qubits due to spontaneous emission, provided both atoms are initially excited and in the asymmetric state. Their results suggest that an interaction between two particles which are initially entangled can delay the vanishing of the entanglement and even revive it, or create entanglement between two initially non-entangled particles. We introduce a harmonic potential with frequency ω 0 as the interaction between the particles in our system and examine the dynamics of the entanglement. We show that entanglement revival can occur depending on the strength of the damping, i.e. how strong the coupling γ is with respect to the oscillator's frequency. We show that if the damping is small (γ < 2 √ 2ω 0 ), the entanglement oscillates towards a central value and does not vanish asymptotically.
In Section I we recall the Langevin equation and the main steps in the derivation of the master equation. We then establish in Section II the formalism used to describe Gaussian states and the particular measure for entanglement we use. Section III illustrates E.S.D. while Section IV contains the main results of this paper. Section V contains some concluding remarks.
I. FRAMEWORK
The derivation of the master equation is detailed in more detail in Appendix V and will only be succintly presented in the following. The derivation is easiest for one-particle but generalises just as easily to the case of two-particles, each coupled to its own environment. We consider a heat bath modelled by independent oscillators coupled harmonically to the particle [5] . The corresponding Hamiltonian has the form
Solving the Heisenberg equations of motion for q j yields the Quantum Langevin Equation
where the dot denotes the derivative with respect to time and the prime that with respect to x. µ(t) and ξ(t) describe the influence of the bath on the system and are known as the memory function and the operator-valued random force respectively and are expressed explicitly in Appendix V. In the case of a Ohmic heat bath, µ(t) effectively reduces to γ and we can write, for a general observable Y of the small system (particle), the Quantum Langevin Equation readṡ
(3) For a system of two particles, each connected to their individual heat bath, we have analogouslẏ
The Langevin equation is an equation for the system operators (Heisenberg representation), whereas a master equation is an approximate equation acting on the density operator of the quantum system under study (Schrödinger picture) . The adjoint equation provides a link between the two formalisms. We define Tr s {Y (t)ρ} = Tr s {Y ρ(t)} and obtain the adjoint equatioṅ
In order to derive the master equation let us assume that the bath is large so that we may assume that it stays at thermal equilibrium and that at t → −∞, the system and the bath are decoupled so that ρ 0 (t) = ρ s (t)ρ B . This assumption is critical to the derivation of any master equation. Finally, assuming that the noise is small allows us to write ξ(t) → ǫξ(t). This assumption is not essential to the derivation but allows for a simpler derivation. Applying a perturbation method and tracing over the bath yields the Non-Rotating-Wave master equation
II. GAUSSIAN STATES AND THE LOGARITHMIC NEGATIVITY
Since the states we will study are Gaussian, we now briefly recall the formalism for Gaussian states [16] [17] [18] .
Gaussian states can be completely specified in terms of their first and second moments, described respectively by the displacement vector
and the covariance matrix
where R is the vector R T = (q 1 , p 1 ; ....; q n , p n ) ; q j and p j are the canonical variables of a system of n oscillators with the usual canonical relations written as [R j , R k ] = i σ jk and σ a real skew-symmetric 2n × 2n block matrix given by
The displacement vector are irrelevant in the study of entanglement and are taken to be zero in our examples. The covariance matrix thus reduces to
Any real symmetric positive-definite matrix A can be brought to its Williamson normal form [19] via symplectic transformations, i.e. transformations that preserve the canonical commutation relations, A W F = SAS T = diag(a 1 , a 1 , ....a n , a n ) where the a i 's are the symplectic eigenvalues of A. One can calculate them as the positive eigenvalues of iσA or more simply as the positive square root of the eigenvalues of −σAσA.
A particularly suitable measure of the entanglement of mixed Gaussian states is the logarithmic negativity [16] [17] [18] 20] . It vanishes for separable states, does not increase under LOCC (local operations and classical communication), and stays invariant under local unitary transformations. It is defined as
where the λ i are the symplectic eigenvalues of the partially transposed covariance γ (T1) , which is obtained from γ by reversing the time in all variables of one of the subsystems. Choosing to transpose with respect to particle 1, we replace x 1 → x 1 and p 1 → −p 1 . The λ i 's are thus the square roots of the eigenvalues of −σγ T1 σγ T1 .
III. FREE EVOLUTION OF AN ENTANGLED INITIAL STATE
We first consider the case of a free particle Hamitonian
2m (9) with p|x = −i ∂ ∂x |x . This will allow us to examine the dynamics of the entanglement when an entangled bipartite Gaussian state is left to evolve, each particle coupled to its own heat bath. (6) can be solved to obtaiñ
with
The full derivation for this solution can be found in Appendix V. Let us consider a bipartite initial state with the Gaussian wavefunction, suggested by Ford and O'Connell [21, 22] Ψ(
The corresponding density matrix is
where
We next compute the time-evolved state by inserting the Fourier transform of (12) into (10) . The Fourier transform of (12) is
which, when substituted into (10) yields
where the coefficients are given by
The entries of the covariance matrix can be calculated directly from (14) taking into account the change of variables (44):
2 Re
The covariance matrix is then
We now perform the partial transposition with respect to particle 1:
which is real and symmetric. The symplectic eigenvalues are given by
where ε 12 = ε 21 = ε 34 = ε 43 = 0 and
The logarithmic negativity then becomes Figure 1 shows the logarithmic negativity as a function of time for three values of s. We can observe that there is complete disentanglement between the particles from a sharp cut-off time onwards, which obviously depends on s, and hence on the initial degree of entanglement. The sharp cut-off time characterizes entanglement sudden death (ESD).
IV. EVOLUTION WITH A HARMONIC POTENTIAL INTERACTION
If we introduce a harmonic potential interaction into the Hamiltonian, (9) generalises to
We can include this into (6) and solve the resulting differential equation following the method described in appendix V. In this case
In general, the eigenvalue equation is quartic and the solution is complicated. We therefore assume, for simplicity, that γ 1 = γ 2 = γ and T 1 = T 2 = T . In that case the eigenvalues are
and after some unpleasant algebra, we can writẽ
which is of the same form as (14) suggests that if the coupling is much stronger than the harmonic potential, the decay of the entanglement is unaffected by the potential. As a matter of fact, closer investigation of the vanishing point shows that the entanglement disappears faster as damping increasing. On the other hand, if the damping is small (γ < 2 √ 2ω 0 ), the entanglement can reappear several times, as illustrated by Figure 3 . Figure 4 shows the behaviour of the entanglement as the damping decreases still. It can easily be seen that as the harmonic potential becomes stronger, the entanglement does not disappear. Instead it decreases sharply before being "restored". It then tends towards a non-zero constant value for large times. This suggests that allowing the particles to interact harmonically effectively saves the entanglement.
The Master equation
In this section, we will describe the derivation of the master equation in more details. A simple derivation of the Quantum Langevin Equation, starting from a heat bath modelled by independent oscillators coupled harmonically to a system of one particle, was given in [5] . The Hamiltonian has the form
Solving the Heisenberg equations of motion yields
Introducing the quantities
(Θ(t) is the Heaviside function) we obtain the Quantum Langevin Equation
where the dot denotes the derivative with respect to time and the prime that with respect to x. µ(t) and ξ(t) describe the influence of the bath on the system and are known as the memory function and the operator-valued random force respectively. We also introduce the spectral distribution
in terms of which the autocorrelation of ξ(t) is given by
where [ , ] + denotes the anticommutator. For a general observable Y of the small system (particle), one can writė
In the case of an Ohmic heat bath, we can replace
so that the Quantum Langevin Equation readṡ
(33) For a system of two particles, each connected to their individual heat bath, we have analogouslẏ
If we define
where Tr s is the trace over the system. Let us introduce ρ(t) = ρ s (t) ⊗ ρ B where ρ s is the density matrix of the system and ρ B that of the bath. It follows easily from (34) that ρ(t) satisfies the adjoint equatioṅ
To derive the master equation (that is, an effective equation for ρ s (t)) from the adjoint equation, we assume that the noise is small and temporarily introduce a small parameter ǫ, replacing ξ(t) by ǫξ(t). We can write ν(t) to second order in ǫ as
We also assume the baths and the system are decoupled at t = −∞, so that ρ 0 (t) = ρ 0 (t)ρ B . Inserting this expansion into (36) yields equations for ρ 0 , ρ 1 and ρ 2 which can be solved successively. The equation for ρ 0 readṡ
The equation for ρ 1 can be written aṡ
The solution for the first-order term can be written as
where A s is a super operator which, applied to ρ k (t) yields
Finally, we insert this solution into the equation for ρ 2 :
Taking the trace over the bath variables and using the autocorrelation (30) in the Ohmic limit, we obtain the non-rotating-wave master equation (upon removal of ǫ)
Solution to the master equation
The derivation of the solution to the master equation will here be given in a general way. The method will be described for a free particle system Hamiltonian
with p|x = −i ∂ ∂x |x , but is easily generalised to other types of Hamiltonians. Note that we assume that the particles have the same mass. In position-space, (6) becomes
Using the change of variables
and replacing ρ(x, x', 0) → P (u, z, 0), we apply a Fourier transformation with respect to u: 
Some more algebra yields the solutioñ P (q, z, t) =P (q, z 0 (t), 0) exp −τ 2 q 
with λ i (t) = 2mkT i (1 − e −2γit/m ) α i (t) = We thus have an expression giving the time dependency for an arbitrary initial state.
